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Abstrat
Reent development in quantum omputation and quantum infor-
mation theory allows to extend the sope of game theory for the quan-
tum world. The authors have reently proposed a quantum desrip-
tion of nanial market in terms of quantum game theory. The paper
ontain an analysis of suh markets that shows that there would be
advantage in using quantum omputers and quantum strategies.
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1 Motivation
Most of reasonable people nd their best ways of doing something by analy-
sis of previously met situations. This rule usually results in moves that are
protable or beneial in a more or less general sense. Sienes and mar-
tial arts have worked out an additional nononservative sheme that onsist
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in analysis of the events in their reversed historial perspetive (one revises
the axioms or deisions bearing their onsequenes in mind). Shall we be-
lieve that traders ative on the future markets who would have sophistiated
ahievement of quantum tehnology at their disposal would refrain from using
them [1℄? Below we will disuss some seleted aspets of quantum markets
[2℄-[4℄ that may form the basis for extraordinary prots. By hanging some
of our habits we might be able to gain unique prots resulting from disov-
eries made by researhers in fundamental natural phenomena that suggest
more eetive ways of playing games [5℄. These "new games" annot by itself
reate extraordinary prots or multipliation of goods but the dynamism of
transation they may ause would result in more eetive markets and apital
ow into hands of the most eient traders. Sophistiated tehnologies that
are not yet available are not neessary to put suh a market in motion. Sim-
ulation of suh markets an be performed in an analogous way to preision
physial measurements during whih lassial apparatuses are used to explore
quantum phenomena. People seeking after exitement would ertainly not
miss the opportunity to perfet their skills at using "quantum strategies".
To this end an automati game "Quantum Market" will be suient. And
suh a devie an be built up due to the reent advanes in tehnology.
2 Interferene of traders deisions
Let us onsider trading in some ommodity G aording to as simple as
possible but quantum deision rules [1, 2, 5℄. The analyzed below game
is ertainly feasible with ontemporary physial instruments but we refrain
from stating what the neessary tehnial requirements for implementation
of suh games are. Let the states |0〉 and |I〉 denote strategies that the
trader selling G aepts a low and a high prie, respetively [2℄. The family
{|z〉},z ∈ C of omplex vetors (states) |z〉 := |0〉 + z |I〉 (|±∞〉 := |I〉)
represents all trader strategies in the linear hull spread by the vetors |0〉
and |I〉. The oordinates of the vetor |z〉 (we will often all it a qubit
to follow the quantum information theory onvention) in the basis (|0〉, |I〉)
give after normalization probability amplitudes of the orresponding traders
deisions. It is onvenient to identify the strategies |z〉 with points of the
two dimensional sphere S2 ≃ C. In that ase we an use the geographi
oordinates (ϕ, θ) where ϕ := arg z and θ := arctan |z|. Aording to the
quantum model of market [2, 6, 7℄ the strategy |z〉 expressed in the basis
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(|0′〉, |I′〉) that onsists of Fourier transforms of the vetors (|0〉, |I〉)1
|z〉 = |0〉+ z |I〉 = |0′〉+ 1−z
1+z
|I′〉 (1)
desribes the trader's deisions onerning buying the ommodity G. In that
sense the demand aspets of trader's behavior are Fourier representation of
her "supplying preferenes". The involutive homography F : |n〉 → |n′〉 =
1√
2
∑
I
m=0(−1)〈n|m〉|m〉, n = 0, I that desribes the Fourier transform in two
dimensions has the form of Hadamard matrix in both bases (|0〉, |I〉) and
(|0′〉, |I′〉): 1√
2
(
1 1
1 −1
)
. The vetors |0′〉 and |I′〉 orrespond to the aep-
tane of a high and a low prie of the ommodityG when buying, respetively.
Note that buying G at a high prie orresponds to selling money at low prie
expressed in units of G. The squared absolute value of the number z that
parameterizes the trader's strategy
|z〉 = |0〉+ |z| ei arg(z)|I〉
has an orthodox stohasti (non-quantum) interpretation as a relative mea-
sure of the probability of the event (selling at high prie) with respet to
the alternative event (selling at low prie) that happens with weight 1. The
phase ϕ :=arg(z) of the parameter z is harateristi of the quantum desrip-
tion. For ϕ=0 the absolute value of 1−z
1+z
reah its minimal value
| 1−|z||
1+|z| and
for ϕ= π the maximal one, equal to the inverse of the minimal value. For
ϕ= pi
2
and ϕ= 3pi
2
the absolute value of
1−z
1+z
is equal to one, what orresponds
to equal probabilities
|〈z|0′〉|2
〈z|z〉 and
|〈z|I′〉|2
〈z|z〉 . Changes in the phase ϕ produe
no eet on the probabilities of selling but may hange the probabilities of
buying orresponding to the Fourier transformed strategies. Various prie
preferenes of the selling the ommodity G trader may interfere and inu-
ene on his behavior as a buyer. Analogous observation an be made about
the phase of the strategy represented in the basis (|0′〉, |I′〉). (This should be
ompared with behavior aording to signals given by various tools used in
tehnial analysis.) In that way one quantum strategy may "ompete" with
two independent "lassial" strategies. This mehanism enable extraordinary
prots that an hardly be ahieved in "the lassial way". Quantum strate-
gies have also other interesting properties. For example for games that an
1
The bases (|0′〉, |I′〉) and (|0〉, |I〉) exemplify the notion of onjugate bases that or-
respond to "extreme" nonmeasurable simultaneously observables in a nite dimensional
Hilbert spae, f [8℄.
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be represented in ountably dimensional Hilbert spaes the maximal prot
is ahieved at a xed point of the tatis what gives an eetive method of
adopting strategies to the ontinuously hanging market situation [4℄.
3 Non-olletive quantum tatis
The elementary tatis of a trader are those that result in inverted behavior:
selling (buying) at low prie is swithed to selling (buying) at high prie
and vie versa. Suh hange in the supply strategy is desribed in the basis
(|0〉, |I〉) by the Pauli matrix σ1
X =
(
0 1
1 0
)
,
X 2= I. Analogously the hange in the demand strategy is desribed by the
Pauli matrix σ3
X ′ =
(
1 0
0 −1
)
,
beause X ′ = FXF . The matries X and X ′ are interhanged by Fourier
transform therefore their sum is invariant. We have F= 1√
2
(X+X ′) in both
bases. This means that for given probabilities of swithing supply to demand
F represents a tati. We will all any linear operation transforming a single
strategy (i.e. a qubit) a non-olletive tati (a quantum gate). To illustrate
the importane of the demand-supply symmetry of the tatis X i X ′ let us
onsider the hange of the tatis |z〉 onneted with the problem of nding
out if some unknown funtion g? belonging to the lass gk : {0, 1}→{0, 1},
k=0, . . . , 3 is onstant. To this end it is suient to restrit oneself to the
tatis G? hanging sign of the homogenous oordinates of the strategy |z〉.
In the supply basis we have:
Gk|z〉 := (−1)gk(0)|0〉+ (−1)gk(1)z |I〉 .
For the onstant funtions g0(0)=g0(1)=0 and g1(0)=g1(1)=1 the respe-
tive involutions omprise of the identities G0=G1= I and for the remaining
funtions g2(0) = g3(1) = 0 and g3(0) = g2(1) = 1 we have the inversion of
buying strategies, G2 = G3 =X ′. Therefore we have to determine if the use
of the tati FGkF , equal to I for k = 0, 1 and X for k = 2, 3, hanges the
supply strategies |0〉 or |I〉. This simple method of deiding the question
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by simultaneous ation of the tatis G? on the superposition of two basi
supply strategies (F|0〉= |0′〉= |0〉+ |I〉) is known as the Deutsh Orale [9℄.
This simple example, although of aademi onern, shows the advantage of
quantum strategies over lassial ones. One have to determine only one of
the possible values of g? to exeute the strategy G? beause it simultaneously
ats in the parallel universes. The non-quantal method of identiation of
the label k of the funtion gk is not so quik beause it requires previous
ataloguing (ie measuring) of all funtions g0, g1, g2, g3.
Any tati an be expressed in terms of Pauli matries beause the seond
generator of the algebra su(2), σ2, represents the tati XX ′ (in the basis
(|0〉, |I〉)). The stereographi projetion C → S2 an be readily inversed:
S2 ∋ (x1, x2, x3) = Ez(−→σ ), where the vetor Ez(−→σ ) = 〈z|
−→σ |z〉
〈z|z〉 represents the
expetation value of the vetor of Pauli matries
−→σ := (σ1, σ2, σ3) for a
given strategy |z〉. Due to this relation to the SU(2) group these tatis are
represented in terms of speial unitary matries and an be parameterized
by an element of C and an angle α ∈ [0, π]:
SU(2) ∋ U z,α = eiα−→σ ·Ez(−→σ ) = I cosα + i−→σ ·Ez(−→σ ) sinα . (2)
The oordinates (cosα,Ez(
−→σ ) sinα) ∈ R4 are in 1-1 orrespondene with
the sphere S3 (cos
2 α + E2z (
−→σ ) sin2 α = 1). The transition from the supply
piture to the demand piture is given by the homography (1):
Uz,α −→ U ′z,α := F Uz,αF = U1−z
1+z
,α
. (3)
The property (3) distinguish the oordinates (z, α) of a q-tatis from any
other parameterization of S3. The above "market interpretation" of the group
SU(2) stems from Orlov approah to modelling of onsiousness [10, 11℄.
But there are important dierenes. The operator X ′ desribes the state
of onsiousness related to subjetive doubts (doubt state) onerning the
truth of a given statement and the respetive lassial logi is represented
by some orthonormal basis in C2 (homogeneous oordinates of a qubit) [10℄.
Our interpretation exposes the operational properties of X ′ (and its dual X )
that allow the trader to ompletely hange her demand behavior without
inuening her supplying strategy. This result in quantum game theory is
related to the onstrution of transational logi in whih the values truth or
false rate utility of a given strategy measured by the respetive payos. This
utilitarian relativism is losely related to Deutsh philosophy of siene [12℄.
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4 Wigner funtion of a quantum strategy
To present the eetiveness of quantum market strategies we restrit our
analysis to the most protable situation of a game against a "non-quantum"
market with equal buying and selling pries. Besides we will suppose that
buying and selling transation intensities are equal. This means that the
transation are speied by equally frequent measurements of both polariza-
tions |0〉 and |0′〉 [2, 6℄. The ase of non-equal transation intensities an be
analyzed in an analogous way by means of quantum tomography [13℄. If we
suppose that there are only two prie levels (low and high) and the payos
are 1, 0 or −1 (gain  no transation  loss) then the payo matrix takes
the form given in Table 1. For example, if the prie of the ommodity G is
00′ 01′ 10′ 11′
low prie −1 + 1 = 0 −1 + 1 = 0 0 + 1 = 1 0 + 1 = 1
high prie 1− 1 = 0 1 + 0 = 1 1− 1 = 0 1 + 0 = 1
Table 1: The payo matrix (trader's gains).
low then the trader whose strategy is sell at low prie (|0〉) and buy at high
prie (|0〉′) loses when selling (payo is −1) and gains when buying (payo
is 1) beause being ready to buy at high prie she ertainly will buy at low
prie. The average payo is −1+1=0. From the lassial point of view the
optimal solution is to use two independent strategies: sell at high prie and
buy at low prie. This results in average payo
1
2
per transation. What is
the optimal strategy in the quantum domain? To nd out we should deter-
mine a measure of intertwining of all possible trader's moves. This an be
done with help of the Wigner funtion formalism. The Wigner funtion for
the strategy |z〉 has the form of a 2×2 matrix [14℄
Wkm′(e
iϕtan θ) = 1
4
(
1 + (−1)k cos 2θ + (−1)m′
√
2 sin 2θ cos(ϕ− (−1)k pi
4
)
)
,
k,m′ = 0, 1. The funtion Wkm′(z) gives the measure (not always positive
denite) of the state |z〉 being simultaneously in both states (1−k)|0〉+ k |I〉
and (1−m′)|0′〉+m′|I'〉. The respetive probabilities of measurements of the
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strategy being in the states |0〉, |I〉, |0′〉, |I′〉 are :
W00(z) +W01(z) =
|〈z|0〉|2
〈z|z〉 , W10(z) +W11(z) =
|〈z|I〉|2
〈z|z〉 ,
W00(z) +W10(z) =
|〈z|0′〉|2
〈z|z〉 , W01(z) +W11(z) =
|〈z|I′〉|2
〈z|z〉 .
These sums being measurable in "experiment" should be nonnegative. The
same is true for the sums of diagonal elements of the matrix W (z) beause
they give probabilities of measurement of strategies |i〉 and | − i〉:
W00(z) +W11(z) =
|〈z|i〉|2
〈z|z〉〈i|i〉 , W10(z) +W01(z) =
|〈z| − i〉|2
〈z|z〉〈−i| − i〉 . (4)
This means sum of any two entries of the matrix W (z) is nonnegative. It
follows that only one of the entries of the matrix W (z) an be negative.
There is a simple "quantum" strategy that outperforms any "lassial" one:
one should look for suh strategies |z〉 that the negative element of the ma-
trix W (z) orresponds to the minimal element of the payo matrix. Fig.
1 presents regions of the parameter spae (S2) that are not aessible to a
"lassial player". The white regions orrespond to non positive denite ma-
triesW (eiϕ tan θ). Their boundaries form four irles that orrespond to the
families of strategies z(φ) = ±(1+ (1− i) tan φ
2
)
i z(φ) = ±1
2
(
√
2 eiφ+1− i),
φ ∈ [−π, π). If we use a measure on S2 that is invariant with respet to
q-tatis then the area of the lassially inaessible region is maximal. In
that sense the quantum approah is the maximal one. It is tempting to de-
ne a measure κ of non-positivity of the Wigner funtion that auses the
attrativeness of quantum strategies. If we use the minimal entry of the
matrix W (z) to this end we get κ(ϕ, θ) :=−min
k,l
Wkl(ϕ, θ) for regions where
W (z) is not positive denite and κ(ϕ, θ) := 0 otherwise. Fig. 2 presents the
sphere of trader's strategies of radius r modied so that this fator is stressed
( r → (1 + 2 κ(ϕ, θ)) r ).
5 Non-olletive game against market ditat-
ing pries
Let p be the probability that the market bids a high prie for the asset G
and 1−p be the probability of a low bid. If payo matrix is given by Table
7
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Figure 1: Geographi map of quantum strategies. The upper urve orre-
sponds to two irles tangent at the north pole and are given by the formula
θ(ϕ) = 1
2
arccos sin 2ϕ
2+sin 2ϕ
.
1 then the trader's average payo is
w(p, z) :=E(M) = (1− p)(W10′ +W11′) + p (W01′ +W11′) =
p (W01′ −W10′) +W10′ +W11′ = p (1− z)(1− z) + 2(1− p)|z|
2
1 + |z|2 .
The strategy that maximizes the expeted prot w(p, z) is, exept for p = 0
or 1, a gien [2, 15℄ that is it does not omply with the law of demand and
supply
2
:
zmax(p) =
1− p
p
−
√
1 +
(1− p
p
)2
.
This family of strategies omprises one fourth of a irle ϕ = π, θ ∈ [pi
4
, pi
2
]
in the parameter spae S2. For p =
1
2
we have an optimal strategy with
maximal value of κ with Wigner matrix of the form
W (π, 3
8
π) =
1
4
(
1−√2 1
1 1 +
√
2
)
.
2
The onditional funtion of demand (supply) that orresponds to the Wigner funtion
formally omply with the demand and supply law but is not measurable beause it an be
greater than one.
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Figure 2: Parameter spae (S2) with radius modied by the κ measure of non
positivity of Wigner funtion desribing strategies. The maximal "departure"
is ahieved for the strategy z = ±(√3−1
2
(1− i))±1.
This strategy orresponds to a xed point of the tatis XX ′FX ′X . Let
us notie that in this ase the worst quantum strategy is the one that has
the same form in both representations, z =
√
2− 1 (prot is equal to 2−
√
2
4
).
Nevertheless it is better than any lassial strategy.
The game disussed above an be easily generalized to a realisti ase
without restritions on the prie of G. The resulting quantum market an be
pereived as a sum of games (with qubit strategies) for all binary digits of the
logarithm of the prie of G. The use of logarithms makes the onsiderations
independent of monetary units and units used to measure the ommodity G.
6 Allianes
Let us now onsider a lassial market organized in suh a way that the strate-
gies an inuene eah other. Suppose that there are N ative players. The
9
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Figure 3: Maximal prot as a funtion of intensity p of high prie bids,
wmax =
1
2
+
√
1
8
+ 1
2
(p− 1
2
)2 (in a lassial game maximal prot is 1
2
).
state of the game is represented by an element of CP 2
N−1
. The homogeneous
oordinates are formed by tensor produt od the qubits' oordinates of sep-
arate players. Suh a market an be formed for example by suiently large
statistial ensemble of olletive strategies supplemented with an appropri-
ate learinghouse that measures supply and demand and sets the "optimal"
pries. The analysis of suh markets is a hallenge but the properties of
unitary transformations suggest that the task an be performed with help
of quantum omputation [16℄. In a quantum market game [2℄ any N-qubit
unitary transformation seems to be aeptable as a olletive tati beause
it an be easily realized in terms of simple operations performed by individ-
ual players or pairs of players. To this end it sues to dene a two qubit
involutive gate C
C := 1
2
(I + X ′)⊗ I + 1
2
(I − X ′)⊗ X
that is nontrivial only on a subspae orresponding to two arbitrary seleted
players. If the rst player is ready to sell G only at high prie (strategy
|I〉) then the operation C inverses the seond player's strategy. It leaves it
untouhed if the rst player aepts low prie when selling. We will all
the gate C an alliane regardless of the standard name ontrolled-NOT (the
analysis given below would explain this apostasy). If we onsider the eets
of C in demand representation (in the basis (|0′〉), |I′〉)) then the players roles
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are reversed what follows from:
C′ = (F⊗F)(1
2
(I+X ′)⊗I+1
2
(I−X ′)⊗X )(F⊗F) = I⊗1
2
(I+X ′)+X⊗1
2
(I−X ′) .
(5)
Therefore to tell who is manipulated and who manipulates depends on the
demand/supply ontext. Most of quantum gates are universal in the sense
Uz,α
⊕
Figure 4: Elements of a quantum sheme (from left to right): strategy, qubit
tati and alliane C.
that any other gate an be omposed of a universal one [17℄. But for our
aims it is more transparent to desribe a olletive tati of N players as a
sequene of various operations Uz,α performed on one-dimensional subspaes
of players' strategies and, possibly, allianes C among them (any element of
SU(2N) an be given suh a form [18℄). Therefore an alliane is the only way
to form olletive games (C is universal on one qubit subsystem). All ele-
ments neessary for implementation of suh games are presented in Figure 4.
Desription of ases with arbitrary number of ommodities or allowed pries
is obvious but results in more omplex iruits. Note that players an ex-
hange strategies with eah other and therefore any permutation of strategies
is possible. Exhange of strategies an be aomplished by performing three
suessive allianes T = C C′C, f Fig. 5. Therefore Eq. (5) an be written in
the simple form: C′=T CT . Consider a player who aepts low prie for the
⊕
⊕ ⊕
=:
Figure 5: Tati resulting in exhange of strategies T (three suessive al-
lianes).
ommodity she wants to sell. Some other player an use the alliane C to
hange her strategy so that the resulting orrelated strategy is a two qubit
11
entangled strategy
C|z〉|0〉 = C|0〉|0〉+ z C|I〉|0〉 = |0〉|0〉+ z |I〉|I〉 . (6)
Strategies of selling at high pries an be C-transformed into anti-orrelated
entangled strategy
C|z〉|I〉 = |0〉|I〉+ z |I〉|0〉 .
Analogous manipulations (transposition) are possible in the demand part of
the market.
7 Allianes: measurement and interferene
An alliane allows the player to determine the supply or demand state of
another player by making an alliane and measuring her resulting strategy.
This proess is shortly desribed as
C |0′〉|m′〉 = |m′〉|m′〉, C |m〉|0〉 = |m〉|m〉,
where m= 0, I. The orresponding diagrams are shown in Fig. 6. The left
diagram presents measurement of the observable X and the right one mea-
surement of X ′. Any measurement would demolish possible entanglement
|0′〉 ⌢ր|?′〉
⊕ |0〉 ⊕ ⌢ր|?〉
Figure 6: Alliane as a means of determining others' strategies. The sign
⌢ր at the right ends of lines representing qubits symbolizes measurement.
of strategies. Therefore entangled quantum strategies an exist only if the
players in question are ignorant of the details of their strategies. Let us now
onsider an interesting version of the game when the players have "quantum
minds" (or are sort of self-onsious quantum automata [19℄). Aording to
the many worlds interpretation of quantum theory [12℄ suh a player is aware
of her strategy belonging to any of the interfering worlds. If the worlds do
not deouple for some time and strategies are transformed aording to the
applied tatis and if eventually the measurement is performed then suh a
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player would not be aware of the deoupled histories. Any quantum mind
that wants to evolve in a unitary (deterministi) quantum way is involuntary
as being ondemned to a quantum evolution (f [20℄ for a disussion of the
free hoie problem). Suh a quantum mind may try to inuene his evo-
lution by a tatis protable from the point of view of that omponent of
the interfering strategies that she is aware of. But suh operation announe
information about her (quantum) state and is equivalent to a measurement
that would destroy any extraordinary prots resulting from interferene with
other worlds. However, the possibility of hoosing between destroying and
preserving the interferene alone gives her ertain advantages over the lassi-
al minds. Only passive persistene in the interferene due to the neessary
amnesia would postpone the eventual valuation of her behavior. Details of
onlusions one an draw may depend on the atual interpretation of quan-
tum theory one is ready to aept. Nevertheless, parties playing a quantum
game must be very areful in ontrolling their strategies and the very mea-
surement should form an inseparable ingredient of tati/strategy. Therefore
the limited knowledge of players' strategy result in a harateristi for a
quantum game spontaneousness. Eq. (2) and the identities:
(I ⊗ X ) C = C (I ⊗ X ),
(X ′ ⊗ I) C = C (X ′ ⊗ I),
(X ⊗ I) C = C (X ⊗ X ),
(I ⊗X ′) C = C (X ′ ⊗ X ′)
(7)
imply that any game (olletive strategy) an be pereived as superposition
of some simpler olletive strategies that result from two stages (one an re-
verse the time arrow). First, players form allianes and then some of them
inverse supply X , X ′ or both XX ′. Transposition of allianes and qubit in-
versions does not hange anything or results in loning of qubits.
The following digressions seems to be in plae here. In 1970 Sthephen
Wiesner invented ounterfeit-proof (quantum) money [8℄. The idea was based
on the rst proposal of a one-way funtion that exploits unique properties
of quantum states. This proposal ontrary to its mathematial ounterparts
[21℄ annot be questioned beause fundamental laws of Nature guarantee
its properties. Wiesner's proposal was put forward three years earlier than
Cok's idea of using diult to reverse operations in ryptography (f the
onstrution of safe quantum ryptography by Bennett and Brassard in 1984
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that annot be broken even with the help of quantum omputers) [22℄. A-
ording to Wiesner a ounterfeit-proof banknote should have two numbers,
one of them is kept seret. The seret number is formed from two random
binary sequenes and is enoded in a two-state quantum systems as one of
the four states |0〉, |I〉, |0′〉 and |I′〉 in aordane with a sheme presented
in [8℄. The seond number plays the role of an ordinary serial number. The
knowledge of the two randomly generated binary sequenes allows to perform
a non-destroying veriation (measurement) of the authentiity of the note
(the proper method of reading of the qubits forms the trap-door of Wies-
ner's one-way funtion). The demand or supply formal aspet of the binary
digit requires a orret method of measurement (left of right part in Fig. 6).
Wiesner's pioneering idea of quantum banknote and Deutsh Orale show
that the mathematial notion of a funtion might be more realisti than one
is ready to admit. Present development of quantum information theory is
a ase in point for reativity of suh attitude. Properties of quantum world
may seem to be strange but always omply with objetive laws of Nature.
8 Some remarks on olletive market games
A game when only "lassial" tatis T are allowed an be used for lottery-
drawing when there is no drawing mahine available [23℄. Suh a drawing
an have the following form. The person that arries the drawing out (she
might also take part in the drawing) draws parallel horizontal lines on a sheet
of paper that orrespond to the partiipants. Then she marks the left end of
one the lines bends the sheet so that the other partiipant annot see the left
ends. At that moment the proper drawing begins: every partiipant draws
arbitrary number of vertial lines that join two horizontal lines. The win-
|0〉A
|0〉B
|I〉C ⌢ր|?〉C
⌢ր|?〉B
⌢ր|?〉A
Figure 7: Drawing without drawing mahine  the system is built from
transpositions T alone.
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ner is that person whose line's end shows the way out of the maze built up
aording to the drawing (one starts at the marked point, goes to the right
and must go along eah vertial line met; going bak or turning to the left
is forbidden). For example Alie (A) win in the situation presented in Fig.
7. The game is fair beause the result is given by a permutation omposed
from random transpositions.
Let us now onsider a olletive game that has no lassial ounterpart.
Let as all it Master and pupil . Alie (A) is ready to sell the asset G at
low prie and Bob (B) wants to buy G even at high prie. But Bob, instead
of making the deal (aording to the measured strategies), enters into an
alliane with Alie. Aftermath Alie hanges her strategy aording to the
tati (2) and end enters into an alliane with Bob. As a result an entangled
|0〉A ⊕ Uz,α ⌢ր|?′〉A
|0′〉B ⊕ ⌢ր|?〉B
Figure 8: The game Master and pupil (dense oding).
quantum state |z, α〉AB∈ RP 3⊂ CP 3 is formed, f Fig. 8:
|z, α〉AB := C (Uz,α⊗ I) C′ |0〉A|0′〉B = (8)
cos(α) |0′〉A|0〉B+ i sin(α)
(
Ez(X ) |0′〉A|I〉B+Ez(X ′) |I′〉A|0〉B+Ez(XX ′) |I′〉A|I〉B
)
.
Although Bob annot imitate Alie tati Uz,α by simple loning of the state,
he an gather substantial knowledge about her strategy when she is buy-
ing (he is able to measure proportions among the omponents I, X , X ′ and
XX ′). The game is interesting also from Alie point of view beause it al-
lows her to form onvenient orrelations of her strategy with Bob's. Suh
proedure is alled dense oding in quantum information theory [24℄. If Al-
ie and Bob are separated from eah other and have formed the entangled
state |0〉A|0〉B+ |I〉A|I〉B (this is the olletive strategy before the exeution
of Uz,α⊗ I) then Alie is able to ommuniate her hoie of tati (I, X , X ′,
XX ′) to Bob (bits of information) by sending to him a single qubit. Bob
an perform a joint measurement of his and Alie's qubits. Only one of four
orthogonal projetions on the states |0′〉A|0〉B, |0′〉A|I〉B, |I′〉A|0〉B and |I′〉A|I〉B
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will give a positive result forming the message
3
. Suh onise ommunia-
tion is impossible for lassial ommuniation hannels and any attempt at
eavesdropping would irreversibly destroy the quantum oherene (and would
be deteted).
|z〉
|0′〉
|0〉 ⊕
⊕
Um′n
⌢ր|n〉
⌢ր|m′〉
|z〉
Figure 9: Teleportation of the strategy |z〉 onsisting in measurement of the
tati Um′n := X [n=I]X ′[m′=I′] (the notation [true] :=1 and [false] :=0 is used).
If one player forms an alliane with another that has already formed
another alliane with a third player then the later an atually perform mea-
surements that will allow him to transform his strategy to a strategy that is
idential to the rst player's primary strategy (teleportation [25, 26℄). This is
possible due to the identity (remember that X , X ′, XX ′ are involutive maps)
2 (C⊗I) (I⊗C) |z〉|0′〉|0〉 = |0′〉|0〉|z〉+|0′〉|I〉X |z〉+|I′〉|0〉X ′|z〉+|I′〉|I〉XX ′|z〉 .
Reall that quantum strategies annot be lonned (no-loning theorem) but
if there are several idential strategies their number annot be redued by
lassial means (no-reduing theorem).
Obviously, the most eetive way of playing olletive quantum market game
is as follows. One have adopt suh tati that transform the initial strategy to
one giving maximal prot, |zmax(p)〉. It seems that the players alone should
deide what forms of tatis are allowed in fat they should onstrut the
whole market. For example, players are allowed to takle only their own
qubits, form a limited number of allianes that an be seret or publi. Suh
an autonomous market should have sort of learinghouse that besides mea-
suring the respetive tatis harges some brokerage.
Colletive quantum market games an used for onvenient alloation of rules
of disposition of the asset G. In that ase the diret aim of a player is to
3
Answers to the questions Would Alie buy at high prie? and Would Bob sell at low
prie? would deode the message.
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get an appropriate quantum entanglement instead of maximization of prot.
Sort of envy-free rules an also be introdued. For example, an alliane
formed at later stages of the game gives substantial advantage. Therefore
players that have already gave up forming allianes may be allowed to ex-
hange strategies (CC′C) aording to the Banah-Knaster protool [27℄. For
N=2 this protool is used in fair division: one divides and the other hooses4.
The knowledge about the topology of formed allianes inuenes the a-
tual method of looking for optimal tatis and their form. The investiga-
tion of eetive methods of playing olletive quantum market games is very
ompliated even in simplied version therefore it will be postponed to a
subsequent work.
9 Conlusions
Quantum game theory [9℄,[29℄-[31℄ ould have not emerged earlier beause a
tournament quantum omputer versus lassial one is not possible without
tehnologial development neessary for a onstrution of quantum omput-
ers. Traders ative on the markets of future would not hesitate to take
the advantage of tehnologial development. The analysis presented here
shows that quantum market games or more general quantum-like approah
to market desription might turn out to be an important theoretial tool for
investigation of omputability problems in eonomis or game theory even if
never implemented in real markets.
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